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Abstract
A characterization of primitive polynomials, among irreducible polynomials, over a finite field is es-
tablished. Such characterization is determined by the number of nonzero terms in certain quotient of
polynomials. The proof, which is a modification of the one discovered by Fitzgerald in 2003 yet reveal-
ing more general structure, is based principally on counting the number of occurrences of elements in a
linear recurring sequence over a finite field.
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1. Introduction
Let Fq denote the finite field of q elements. A generator of the multiplicative group F∗q is
called a primitive element of Fq . A polynomial P(x) = pk + pk−1x + · · · + p0xk ∈ Fq [x] of
degree k  1 is called a primitive polynomial if it is the minimal polynomial of a primitive
element of Fqk . Equivalently, see e.g. Theorem 3.16 of [6], P(x) is primitive if and only if P(x)
is monic, P(0) = 0 and the smallest e ∈ N such that P(x) | (xe − 1) is e = qk − 1. There have
appeared a number of recent results about primitive polynomials, e.g. dealing with the existence
of primitive polynomials with prescribed coefficients [2–4], and about the number of primitive
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In 2003 Fitzgerald [5] proved that P(x) is primitive if and only if g(x) = xqk−1−1
(x−1)P (x) has exactly
qk−1(q − 1) − 1 nonzero terms. Fitzgerald’s result is interesting in both its statement and proof.
The proof starts by equating and cleverly rearranging the coefficients in g(x)P (x) = xqk−1−1
x−1 .
This leads to a linear recurring sequence over a finite field and the result follows by suitably
appealing to the known results about the number of occurrences of elements in such a sequence.
Here we modify Fitzgerald’s technique by noting that the number of coefficients in g(x) can be
considerably reduced, at least for large q , by replacing the factor x − 1 with xq−1 − 1, which is
the product of all monic linear polynomials, excluding x, over Fq and clearly divides xq
k−1 − 1.
Yet the new quotient now has an extra non-polynomial term, which reveals its more general
structure. Analyzing this structure enables us to deal with the arising additional difficulties. Our
main theorem reads:
Theorem 1.1. Let P(x) = pk +pk−1x+· · ·+p0xk ∈ Fq [x] be irreducible over Fq and of degree
k  2. Let m = qk − 1, t = m
q−1 , y = xq−1 and
G(y) = y
t − 1
(y − 1)P (y) = H(y) +
r0 + r1y + · · · + rk−1yk−1
P(y)
,
where H(y) = t−k + t−k−1y + · · · + 1yt−k−1 ∈ Fq [y]. Then P(x) is primitive over Fq if
and only if the number of nonzero terms in H(y), considered as polynomial in y over Fq , is
equal to qk−1(q − 1) − 1 − N , where N is the number of nonzero terms in the finite sequence
t−k+1, t−k+2, . . . , m−1, m which is defined by
t−n = rn −
k−n−1∑
i=1
pit−n−i (n = 0,1, . . . , k − 1)
where empty sum is interpreted as 0, and
t+n = 1 −
k∑
i=1
pit+n−i (n = 1,2, . . . ,m − t).
2. The proof
Equating the coefficients of yt−l in
yt−1 + yt−2 + · · · + 1 = (pk + pk−1y + · · · + p0yk)(t−k + t−k−1y + · · · + 1yt−k−1)
+ (r0 + r1y + · · · + rk−1yk−1),
we get
∑
pij = 1 (l = 1,2, . . . , t − k) (2.1)
i+j=l
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∑
i+j=l
pij + rt−l = 1 (l = t − k + 1, t − k + 2, . . . , t). (2.2)
We can, without loss of generality, choose p0 = 1. The strategy now is to think of the two fi-
nite sequences {p0 = 1, . . . , pk} and {r0, . . . , rk−1} as given fixed and extend the finite sequence
{1, . . . , t−k} to an infinite linear recurring sequence satisfying (2.1) and (2.2). Note first that
(2.1) uniquely determines the values of 1, . . . , t−k . Rewriting (2.1) and using it to define fur-
ther values of i (i > t − k), we get
n+k = −
k∑
i=1
pin+k−i + 1 (n 1). (2.3)
We view (2.3) as an (infinite) linear recurring sequence whose initial values 1, 2, . . . , t−k are,
as mentioned above, computed from (2.1). Taking the difference of two consecutive terms, we
get a homogeneous recurrence (of order k)
n+k+1 − n+k = −p1n+k +
k−1∑
i=1
(pi − pi+1)n+k−i + pkn,
i.e.
n+k+1 = (1 − p1)n+k +
k−1∑
i=1
(pi − pi+1)n+k−i + pkn. (2.4)
We claim that the characteristic polynomial, f (y), of the homogeneous sequence (2.4) is
(y − 1)P (y). This follows immediately from
f (y) = yk+1 − (1 − p1)yk − (p1 − p2)yk−1 − · · · − (pk−1 − pk)y − pk = (y − 1)P (y).
Now consider a homogeneous linear recurring sequence, of order k − 1, with characteristic
polynomial P(y),
ηn+k = −p1ηn+k−1 − p2ηn+k−2 − · · · − pkηn (2.5)
with initial values η1, η2, . . . , ηk yet to be determined.
We next claim that there is a nonzero L and a choice of η1, η2, . . . , ηk in Fq such that
i = ηi + L holds for all i  1. To verify this claim, we recall some basic results. For a monic
polynomial of positive degree f (x) ∈ Fq [x], let S(f (x)) denote the vector space (over Fq ) of
all homogeneous linear recurring sequences in Fq with characteristic polynomial f (x). Since
P(y) is a non-constant monic, irreducible polynomial of degree  2, it is well known, see e.g.
Theorem 8.55 of [6], that
S
(
P(y)
)+ S(y − 1) = S((y − 1)P (y)).
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constant sequence. Let this sequence be sn = L for all n. Since the sequence (2.5) is in S(P (y)),
and the sequence (2.4) is in S((y−1)P (y)) by the earlier claim, there is a choice of η1, η2, . . . , ηk
in Fq , with (ηn) ∈ S(P (y)), for which
(1, 2, 3, . . .) = (η1, η2, η3, . . .) + (s1, s2, s3, . . .) = (η1 + L,η2 + L,η3 + L, . . .),
and the claim is verified. Next, we show that L = 0. Substituting the values of ηn into (2.5), we
get
k+1 − L = −p1(k − L) − · · · − pk(1 − L) = L(p1 + · · · + pk) −
k∑
i=1
pi1+k−i ,
and using (2.3), we deduce
k+1 = L(1 + p1 + p2 + · · · + pk) + k+1 − 1,
implying that L = 0.
We now return to ensure that the extended (infinite) sequence {i} so constructed as in (2.3),
using (2.1), satisfies (2.2). Putting n = t − 2k + 1 in (2.3) and matching it with (2.2), we must
take
t−k+1 = −p1t−k − p2t−k−1 − · · · − pkt−2k+1 + 1 = rk−1.
Putting n = t − 2k + 2 and matching it with (2.2), we must take
t−k+2 = −p1t−k+1 − p2t−k − · · · − pkt−2k+2 + 1 = rk−2 − p1t−k+1.
In general, we must take
t−m = rm −
k−m−1∑
i=1
pit−m−i (m = 0,1, . . . , k − 1).
Since the characteristic polynomial of (2.5), P(y), is irreducible over Fq and P(0) = 0, the
sequence {ηi} is periodic with least period e = ord(P ), see e.g. Theorem 8.28 of [6], and so the
sequence i = ηi + L, in (2.4), is also periodic with the same least period e.
For b ∈ Fq , let Zη(b) be the number of occurrences of b in one least period of the se-
quence (2.5), and define Z(b) similarly. Since −L = ηi −i for all i  1, then Z(0) = Zη(−L).
Since P(y) is irreducible over Fq with degree k, by Theorem 8.29 of [6], e = ord(P ) |
(qk − 1) = m. Now (1, 2, . . .) being periodic with least period e, shows that the finite set
1, 2, . . . , m covers h = m/e full periods. The fact, Theorem 3.16 of [6], that the irreducible
polynomial P(y) considered here is primitive if and only if e = ord(P ) = qk − 1 is then equiva-
lent to P(y) primitive if and only if h = 1.
Assume that P(y) is primitive, i.e. h = 1. Clearly, we may choose the initial values
η1, η2, . . . , ηk not all zero. Since (η1, η2, . . .) is a homogeneous linear recurring sequence in Fq
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sequence in Fq , cf. Definition 8.32 of [6]. By a well-known result, see e.g. [6, p. 449],
Zη(b) =
{
qk−1 if b = 0,
qk−1 − 1 if b = 0.
Using i − L = ηi , we consequently get
Z(b) =
{
qk−1 if b = L,
qk−1 − 1 if b = L.
Since L = 0, we have Z(0) = qk−1, and so the number of zero terms among 1, 2, . . . , m is
hZ(0) = Z(0) = qk−1. Thus the number of nonzero terms among 1, 2, . . . , m is m−qk−1 =
qk−1(q − 1)− 1. Consequently, the number of nonzero terms in H(y) is equal to qk−1(q − 1)−
1 − N .
On the other hand, suppose that the number of nonzero terms in H(y) is qk−1(q − 1)− 1 −N
but P(x) is not primitive over Fq . Then h 2 and
m − hZ(0) = the number of nonzero terms among 1, 2, . . . , m
= the number of nonzero terms of H(y) + N
= qk−1(q − 1) − 1,
which implies hZ(0) = qk−1. But he = m = qk − 1, which is a contradiction and the theorem
is proved.
Immediate from the proof of the theorem is another, perhaps simpler, characterization.
Corollary 2.1. An irreducible polynomial P(x) = pk + pk−1x + · · · + p1xk−1 + xk ∈ Fq [x] is
primitive if and only if the finite sequence 1, 2, . . . , m, so defined as in the theorem, contains
no two (identical) periodic subsequences.
We end this section with two further remarks.
1. Both the starting expressions g(x) = xqk−1−1
(x−1)P (x) in Fitzgerald’s theorem and
yt−1
(y−1)P (y) =
G(y) = G(xq−1) = (xq−1)t−1
(xq−1−1)P (xq−1) in our theorem have the same numerator. Yet, the de-
nominator of G(xq−1) is of higher degree, so the number of terms to be counted in G(xq−1)
is fewer than that in g(x).
2. Although in our theorem, we additionally have to determine the number of nonzero terms,
N , in the finite sequence t−k+1, t−k+2, . . . , m, this is generally not difficult because of
their explicitly given form.
3. Examples
We give in this section a few examples in order to compare the number of coefficients involved
in our main theorem with that of Fitzgerald.
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m = 24, t = 6, p0 = 1, p1 = 3, p2 = 3.
Using Fitzgerald’s result, we compute
g(x) = x
qk−1 − 1
(x − 1)P (x)
= x21 + 3x20 + 4x19 + 4x17 + 4x16 + 2x15 + 3x14 + x13 + 4x12 + x11 + x10
+ 3x8 + 2x7 + x6 + 2x5 + 2x4 + 4x3 + 3x2 + 2,
which has qk−1(q − 1) − 1 = 19 nonzero terms, and so P(x) is primitive over Fq . Using our
result, we compute
G
(
x4
)= G(y) = y6 − 1
(y − 1)(y2 + 3y + 3) = y
3 + 3y2 + 4y + 4y + 1
y2 + 3y + 3 .
Here H(y) = y3 + 3y2 + 4y has 3 nonzero terms. We now determine t−k+1 = 5 = 4, t−k+2 =
6 = 4, 7 = 2, 8 = 3, 9 = 1, 10 = 4, 11 = 1, 12 = 1, 13 = 0, 14 = 3, 15 = 2, 16 = 1,
17 = 2, 18 = 2, 19 = 4, 20 = 3, 21 = 0, 22 = 2, 23 = 0, m = 24 = 0, and so N = 16. The
number of nonzero terms in H(y) is equal to qk−1(q − 1) − 1 − N = 20 − 1 − 16 = 3, showing
that P(x) is primitive over Fq .
Example 2. Take q = 7, k = 2 and P(x) = x2 + x + 6, which is irreducible over Fq . Here
m = 48, t = 8, p0 = 1, p1 = 1, p2 = 6.
Using Fitzgerald’s result, we compute
g(x) = x
qk−1 − 1
(x − 1)P (x)
= x45 + 2x43 + 6x42 + 4x41 + 3x40 + 2x39 + 2x38 + x37 + 2x36 + 3x34 + 5x33 + 6x32
+ x29 + 2x27 + 6x26 + 4x25 + 3x24 + 2x23 + 2x22 + x21 + 2x20 + 3x18 + 5x17 + 6x16
+ x13 + 2x11 + 6x10 + 4x9 + 3x8 + 2x7 + 2x6 + x5 + 2x4 + 3x2 + 5x + 6,
which has 36 nonzero terms and 36 = 41 = qk−1(q−1)−1, and so P(x) is not primitive over Fq .
Using our result, we compute
G
(
x6
)= G(y) = y8 − 1
(y − 1)(y2 + y + 6) = y
5 + 2y3 + 6y2 + 4y + 3 + 2y + 4
y2 + y + 6 .
Here H(y) = y5 + 2y3 + 6y2 + 4y + 3 has 5 nonzero terms. We now determine
1 = 1, 2 = 0, 3 = 2, 4 = 6, 5 = 4, 6 = 3, 7 = 2, 8 = 2,
9 = 1, 10 = 2, 11 = 0, 12 = 3, 13 = 5, 14 = 6, 15 = 0, 16 = 0,
17 = 1, 18 = 0, 19 = 2, 20 = 6, 21 = 4, 22 = 3, 23 = 2, 24 = 2,
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33 = 1, 34 = 0, 35 = 2, 36 = 6, 37 = 4, 38 = 3, 39 = 2, 40 = 2,
41 = 1, 42 = 2, 43 = 0, 44 = 3, 45 = 5, 46 = 6, 47 = 0, 48 = 0,
and so N = 31. The number of nonzero terms in H(y) is not equal to qk−1(q − 1) − 1 − N =
42−1−31 = 10, showing that P(x) is not primitive over Fq . Alternatively, we note that the finite
sequence 1, 2, . . . , m contains three identical subsequences {1,0,2,6,4,3,2,2,1,2,0,3,5,6,
0,0} and so by the corollary, P(x) is not primitive.
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